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Abstract 

In this article, we extend Siegel's cross-ratio identity for 2x2 determinants 
over the truncated polynomial ring F[E]y := F[e]/e^. We compute cross-ratios 
and Goncharov's triple-ratios in F[e]2 and FIe]^ and use them extensively in our 
computations for the tangential complexes. We also verify a "projected five-term" 
relation in the group TS2(F) which is crucial to prove one of our central statements 
that describe the morphisms between tangent complex and Grassmannian complex 

Keywords: Tangent complex, dual numbers, cross-ratio identity, triple ratio 

1 Introduction: 

At first, we present an analogue to Siegel cross-ratio identity [16] for 2x2-determinants 
A(/*, /*), < / < < 3 for vectors in (Zq, . . . , e C4(A^j^j ) where C4(A^j^j ) is the 
free abelian group generated by the configurations of four vectors in two dimensional 
affine space over the truncated polynomial ring F[s]y (see Lemma 2.1 and equations 
(2) and (3)) which is the analogue of (1), and consider their cross-ratios as an element 
over the truncated polynomial ring F[s]v, i.e., we consider the following cross ratio, 
r(l*y . . . , Zp - (r^os" + ^f-ifi' + • • • + r^v-ie''"'^ (l^, . . . , /p, where r^o is the usual cross- 
ratio of four points in A^, while the other elements of r are computed in §2.1. We 
introduce a similar construction for the triple-ratio as well (see §2.2). 

Due to this analogue of cross-ratios, we are able to find morphisms between the 
Grassmannian subcomplex C,(A^j^j , d) for « = 2, 3 and the tangent complexes to the 
Bloch-Suslin and the Goncharov complexes (see §4 and §5). We also produce result 
for the projected five-term relation in TSi^F) (see Lemma 4.4) which is analogous to 
Goncharov's projected five-term relation in SiiF) (see Lemma 2.18 of [7]) and very 
helpful for the proof of our main result (5.2). 

In §5, we provide a possible definition of a group TS^iF) which was first defined 
hypothetically in §9 of [4]. On the basis of our definition, we mimic this construction 
with the f -vector space P^iF) ([15]) and reproduce Cathelineau's 22-term functional 
equation for TS^iF). 

Here, we will discuss and try to wiite geometric configurations for the tangent com- 
plex to Bloch-Suslin complex and to Goncharov's complex (see §3 of [8]). This article 
will also introduce cross-ratios and identities of determinants for the configurations of 
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vectors in C„,(A"p^^-^ ) for n - 2,3, m - 3, ... ,7 and v > 1 (v = 1 is the usual case see 
[15] and §2 below).' 

One of our main results is Theorem 5.2. In its proof we shall use combinatorial 
techniques and will rewrite the triple-ratio as the product of two projected cross-ratios 
in F[b]2. 



2 Configurations of points in CmiA^^^^ ) 

Let F be a field of characteristic 0. For v > 1, we denote the vth truncated polynomial 
ring over F by F[s]v := F[s]/s^. Further define the abelian group C,„(A^j^j ) generated 
by m points in A'^j^j in generic position, where A'^j^j is the «-dimensional affine space 
over the truncated polynomial ring F[s]y. We will not consider here degenerate points 
and we are assuming that no two points coinciding and no three points are lying on 

a line. Now for the case « = 2 and v = 2, any Z,- = ^ ^' j E A^ {( )} 
define a diff'erential 

d : C„,+i(A^[^jJ C,„(A^[^j^) 

m 

:(/;,..., C)^2(-i)'(/S,..., /;,...,/:,). 

1=0 

Let w e be a volume element formed in V2 := A^ and A(Z,-, Ij) = (oj, U A Ij), where 
/,, Ij e A^. Here we define 

A(/;, 9 = A(/;, 9,0 + A(/;, 

where 

Kl], l))^ = A(/,-, Ij) and A(/*, = A(Z,-, Ij,,) + A(Z,-,„ Ij); 
more generally for v = n + 1 , we have 

/* - l, + + /,>2£^ + ■ ■ ■ + and /,_£.o = Ij 

and we get 

A(/;, I)) = A(/,-, Ij) + A(/;, l)),e + Ml*, l)),2s^ + ■■■ + A(/;, /}),„£", 

where 

A(/;, = A(/,-, lj,,„) + A(k„ lj^,.,-0 + ■■■ + A(/,;,„, Ij) 

Consider the Siegel cross-ratio identity for the 2x2 determinants of four vectors in 
C4(A^) (see [7], [16] or Remark 2 on pl55 of [14]) 

A(lo, h)A{l2, h) = A(k, h)Mluh) - A(Zo, h)A{li,h) (1) 

With the above notation, an analogous to Siegel cross-ratio identity turns out to be true 
for A^j^j ^ , and we can extract further results which are essential for the proof of our 
main results. Throughout this section we will assume that A(//, Ij) + for / + j. 
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Lemma 2.1. For (11, r,,lt, IV) € C4(Ap, , ), we have 



where 



where 



Mi;, iDMll, ID = Adl iDMn, ID - Mi;, IDMIUI) 

I* - h, + li^sS + Ij fP-E^ + ■ ■ ■ + li^E»s" and /, £.o = 
A(/*, I)) = A(/,-, Ij) + Ml*, l)),s + Ml*, l*),2e^ + ■■■ + Ml*, l])^.s" 



(2) 



Ml*, I'jh- = Mli, Ij.^-) + A(/,,„ + ■ ■ ■ + Mk,., Ij) 



Proof. For r = 0, . . . , n, we can write 1* - \ 5'-° ['fr I and m* — \ 

f r r 



Now we have 

A(l*,m*) = 



r>0 Vi=0 



Hence 



l]r>0 ^i-e'^ 2;->0 'WrS'^ 
r>Q \k=0 



"Z^' Z Yj^(l0.k,h,-k)Y,Ml2J,h,,-r-j) 
t>0 \ 1=0 V k=0 j=Q 

( t ( r t-r > 



r>0 V/-0 VA:=0 j=0 

and similarly for A(/*, 1*2)^(11, Z*) and A(Z*, /3)A(Z*, Z*). Hence we use validity of (1) to 
deduce the analogue for A(Z*, Z*)'s in place of A(/,, Ij) passing from the ring F^s]i of 
power series to a truncated polynomial ring, say to F[s]n+\- □ 

As special cases we find for n - Q the identity (1) while for « = 1 we have the 
following identity which will be used extensively below: 

Ail0,h)Ail*2,lDe + Ml2j3)A{i;,lde 

= {A(/o, h)A{ll, IDs + Mh,h)A{i;, IV),) - {A(/o, h)A{l\, ll)s + A{h,l2)Mi;, /p,} . 



(3) 



if we write 



{ab)en :— flgiifegO + flgii-i/jg + ■ ■ ■ + agfibgit 
then (3) can be more concisely written as 

{a(/s, /;)A(/;, /;)}^ = {a(/s, ii)A{i*„ zp}^ - {a(/*„ /;)A(/;, z*)}^ 
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2.1 Cross-ratio in F[s]y: 

In this section we will try to find the cross-ratio of four points in F[s]y for v - n+l. We 
will use the same technique here as we did for the identity (2) but the procedure here 
involves lengthy calculations. First we define the cross-ratio of four points (/*, ...,/*) e 
C4(A2j^],. J as 

^"'■■■'^^ A(Z,*,ZpA(/*Jp 
If we expand r(Zg, . . . , Zp as a truncated polynomial over F[s]n+i, then 

r(/;, . . . , Zp = (r,o + r,s + r,2S^ + ■■■ + r,„s") {1^ (4) 

If we truncate this for n - 0, then 

n* i*\ /7* i*\ n 1 \ Mlo,h)Mh,h) 
r(/„, . . . , y = rAh. . . . , /3) = K/o, . . . , /3) = A(/o,/.)A(/.,/3) 

If we truncate (4) for « = 1 then the coefficient of e° will remain the same as for n = 
and we compute the coefficient of s in the following way: 

Consider [l^, . . . , /p e C4(A^j^j ) in generic position, we get 

Mi;„ qm\, /p {A(/o, h) + A(Z;, /p,£}{A(/i, Z2) + A(Z;, Zp,e) 

r('o' ■ ■ - '3) = 



A{i;, i;)A{l\, /p {A(/o, /2) + A(Z*, /p,e}{A(/i, Z3) + A(/';, i;),e] 

If a e F then the inverse of (a + bs) 6 F[s\2 is ^ - 6 ^'[sla (this is the same as 
the inversion relation in TS2(F) discussed later in §3). 

Simplify the above by multiplying the inverses of denominators and separate the 
coefficients of and s. The coefficient of s is the following 



{A(/S,/pA(Z-,/pL , JA(/g,/pA(/*,/pL 



Now for n -2, i.e. (/y, . . . , Zp e C4(A^j^j ), we will use (/,-, Ij) instead of A(//, Ij) to get 
{do, h) + i;)es + l%2e'-}{(lul2) + l^eS + IDs^e'} 



r(/- ...,Zp = 



simplify and separate the coefficient of e*^, e' and s-. Coefficients of e" and e' are same 
as we computed in (5) and (6) respectively, and the coefficient of s- is 



- no, . . . ,h) (7) 

(loJ2)(luh) 

Remark 2.2. The computation of coefficient of e" which is rgnil^, . . . , Zp in the trun- 
cated polynomial (4) will give us the following: 



2 {{Mil, i;)A{n, i;)l r„Mil, . . . , - {a(/s, /pA(;, /p}^„ , 

k=0 

where A(/;, Ij) + /or / + j and (/J, . . . , /p e C4 (a^^^j ) 
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2.2 Triple-ratio in F[s], 



In this subsection we will discuss triple-ratio (generalized cross-ratio) of 6 points, i.e., 
(/q, . . . , /g) e C6(A^j^j ) for v = n + I. We are pleased to see that the calculations in 
triple-ratio are similar as the cross-ratio of 4 points (/q, . . . , € C4{A^^^-^ ). 
Case V -2: 

First we take (/*,..., Z*) e 



^j^jP, for any Z* e (/;,...,/;) 







' at - 




( a- \ 


^/ + bi^eS 




bi 




bi.s 


^ Cj + Ci^G ^ 











where A(/,, Ij, Ik) is a 3 x 3 -determinant, 

A(/;, I), 11% = A(/,-,„ Ij, h) + A(li, lj.s, h) + A(/,-, Ij, k,s) 

and 

Mn,l),ll\.^A{h,lj,h) 

As we can expand 

r3(ZS,...,/;)-r3(/o,...,/5) + MC...,/;)e 

From [8] we have 

A(/o,/l,/3)A(/i,Z2,;4)A(Z2,^0,/5) 



'"3(^0 



,/5) = Alt6 



A(/o,/l,/4)A(Zi,/2,«A(/2,/o,/3) 

1 A(/- ,/•.;;). 



for A(Z,-, Ij, Ij) + multiplicative inverse of A(Z*, /*, Zp is --gj-j-Y] - /^^^ ;,)2 
now on we will use (1*1*11) instead of A(/*, 1*, 1*^) unless specify. 



e and from 



r(/*,...,/;)=Alt6 

= Alt6 



f iilohh) + {m)eS]{{hhlA) + at^;/:).g}{(/2/0/5) + {l*2l*al*^)ee] 

{{{khh) + %i\i*^)ssmihh) + {iii*2i;)esm2kh) + 



Simplify the above and separate coefficients of and s', we will see that the coefficient 



of e' is the triple-ratio of six points (Zq, 
following: 



, It) e C(,iAi) and the coefficient of s is the 



r3,e(Zo, ...,/g) 



= Alt. 



{hhU)(hhh)(hhh) 



(loiMdihhmioh) (lohumkhmioh) 
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(8) 



we can write the explicit formula. For 6 points in C(,{Ap^^-^^) 



r3,£(/o, . . . , /p = Alt6^ /, , , X/, , , X/, , , X '"3('o, ■ ■ ■ , '5) 



ihhumhhmhh) 



ikhumkhmkh) 



Case V = 3: 
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For 6 points in CeCA^j^j ) we will compute the following through same procedure 

as we did above, and for a 9^ we have ! r = b+bpE+b^iE^ where b - a'^ € F^, 

be — (a, flg) and b^^i — (a, Og, Oi^) 

r3_£2 = Altei , , , , , , ^ '"3,£(^0'---'^5)- 



iklikXhhhXkkh) • " ' iklikmkhXkkh) 

{(i\iy^\){i\r2mW'i))e 



Here we used the following notation just for simplification. 

{abc)^ '■— Oi-bfftCifi + Qiftbi-Cifi + a^obf^Ci; 

3 The Tangent Complex to the Bloch-Suslin Complex 

In this section mainly we will discuss text from [4]. Let F[s]2 = F[s]/s^ be the ring of 
dual numbers for an arbitrary field F. We can define an F^-action in F[e]2 as follows. 
For^ e F^, 

A : F[e]2 — > F[e]2, a + a'e i— > a + Aa's 
we denote this action by so we use A* (a + a's) = a + Aa's. 

3.0.1 Definition: 

The tangent group T!B2{F) is defined as a Z-module generated by the combinations 
[a + a'e] - [a] E Z[F[e]2], (a, a' € F): for which we put the shorthand {a; a'] := 
[a + a'e] - [a] and quotient by the following relation 



{a;a']-{b-b']+l--i-^ 



1 -b ll-bV 



a \a 

fl(l -b) (a(l -b)\' 



where 



b{l -ay\b{l -a) 

bV ab'-a'b 



1 -a'\l - 

a,bi^Q,l,a*b (9) 



a I 

l-b\ (1 - b)a' - (1 - a)b' 



and 



l-aj (l-fl)2 
a(l-b)\' b(\ - b)a' - a{\ - a)b' 



b{\-a)j {b{\-a)y 



Remark 3.1. See [4] for a discussion ofTS2(F), where the definition ofTS2(F) was 
justified using Lemma 3.1 of [4] 

We give a list of relations in TS2{F) from [4]. These relations use the ★-action in 
T!B2{F). By specialization of the five-term relation (9), we find 
1. Two-term relation: 

{a;b]2 = -<1 - a; -b]2 
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2. Inversion relation: 



{a; b]2 - 



3. Four-term relation: 

If we use a' - a{l - a) and b' - b{\ -b) then (9) becomes four-term relation (see 
[4]). 



(a; fl(l - a)]2-{b; b{l - b)]2 + a -k 
+(1 -a)-k 



b b 
a ' a 
1-b 1-b 



I - a 1 - fl 



fl 

1 -b 
1 -fl 



where a,b ^ 0,1, a ^ b. 

The following map is an infinitesimal analogue of 6 (defined in [8]) and d (defined 
in [4] and [15]), Cathelineau called it tangential map. 



TS2{F)^{F®F'')®[lyF) 



with 



ds {{a; bh) = I - » (1 - fl) + ® fl 
\ fl 1 - fl 



b b 
A - 



1 - fl fl 



The first term of the complex is in degree one and ds has degree +1. 
Note that we get the direct sum of two spaces on the right side. 



4 Dilogarithmic Bicomplexes 

In this section we will connect the Grassmannian bicomplex to the Cathelineau's tan- 
gential complex in weight 2. 

We will use the following notations throughout this section 

A{1-, /}), = A(/,-„ Ij) + A(li, Ij,,) and A(/;, ^.o = A(/i, Ij) 

and we will assume that A(Z,, Ij) + (as we often want to divide by such determinants). 

Let C,„(A^j^j ) be the free abelian group generated by the configuration of m points 
in A^j^j , where defined as an affine plane over F\e\2. Configurations of m 

points in A^^^j^ are 2-tuples of vectors over F\e\2 modulo GL2{F\s\2). In this case the 
Grassmannian complex will be in the following shape 

■ ■ ■ i C5(A^j^j^) ^ C4(A2j^,J i C3(A2j^j^) 

m 

«f :(/;,...,/;_,) H.;^(-iy(/;,..., /;,...,/;_,) 

/=() 

where I] = ( "^^^^^ ) ^ ( ) ^ ( ^ ^ '^'^^ '"'^ a,M,a,,M, e F, 

mi) 
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Consider the following diagram 



TS2{F) ■ 



(4.2a) 



where 



: {a; bh ( - ® (1 - a) + — ^ 



b 

— A - 

■ a a 



We write the map Tq ^ as a sum of two maps 

i2 



and 



where 



r<2» : C3(A2[„J 



' A(/i, h) ® Ado, h) A(/o, « ® A(luh) ^ A(/o, /i) ® A{h, h) 



and 



Aa;,zp, A(z;,/;), 

- A 



A{h,h) Mluh) HkJi) AikJi) AihJi) A(k,h) 
Furthermore, we put 

where r(/o, ■ ■ ■ ,h) and r^ilQ, ■ ■ ■ , /p are the coefficients of and e' respectively, in 
r(Zp, . . . , /p as defined in 2. 1 . and A is defined in §2 

Our maps ^ and Tj ^ are based on ratios of determinants and cross-ratios respec - 
tively, so there is enough evidence that these are independent of the length of the vec- 
tors and the volume formed by these vectors. This independence can be seen directly 
through the definition of the maps. 

We will also use the shorthand (Z,7p instead of A(/,, Zp wherever we find less space 
to accommodate long expressions. 

Now calculate 



i-ra;,...,/p = 



A(/S,/pA(/;,/p 
A(/;,/pA(Zpzp 
ihh)ihh) 



y 



(hkmh) ihhnkhr 



(10) 



where 



y = + (lol2)(hh)(loh)(l2h,s) + {hh){hh){hh){h,sh) 
+ W2)(hh)(l2h)(loh.s) + (I0l2)(hh)(l2h)(l0.eh) 

- Uohmhmkmks) - (khxkhxiokmji) 

- UohXkhmhmke) - (lohxkhmhxkek) 
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Remark 4.1. The -action ofTBiiF) lifts to an -action on C4(A^j^j ) in the ob- 
vious way: 



as 



The F^-action is defined above for F{e\2 induces an F^-action in A^^^j diagonally 

\ b + bsS j \ b + AbsS j 
Leimna 4.2. The diagram (4.2a) is commutative 

Proof. This requires direct calculation. □ 

In the remainder of this section we prove that the following diagram following is a 
bicomplex. 

C5(A^j^jP ^C4(A3j^,J (4.2b) 



TSiiF) > FtsF""® f\-F 
To prove the above is a bicomplex, we are giving the following results. 

Proposition 4.3. The map C4(A^j^j^) ^ diA^^^-^^) ^ [F ® F^) e (A "^') " zero. 

Proof. Let w e det be the volume form in three-dimensional vector space V'3, i.e., 
A(//, Ij, Ik) - {a>, U A Ij A Ik) then A(/,-, ■, ■) is a volume form in V},/{li). Use 

Mi%rj,i;)^A(ii,ij,h) + [Hili'j,il)s}s 

where 

A(l% 1), II), = Mke, Ij, k) + Hh, lj.e, k) + A(Z,-, Ij, h,e) 

We can directly compute t^^ o d' which gives zero. □ 

The following result is very important for proving Theorem 5.2. Through this result 
we are able to see the projected-five term relation in TSiiF). 

Lemma 4.4. Let x*q, . . . ,x*^e IP^^gj, be 5 points in generic position, then 

4 

^(-l)'' {r(xi\xo, ...,Xi,..., X4); r,(x*\x'o, ...,x%..., x^)] = 06 TSiiF), (11) 

1=0 

where x* — x: + x'e and x,, x' E Pi 

r(x*\x*Q, ...,x*,...,xl)^ r(xi\xQ, . . . , x/, . . . , X4) + re(x*\x*Q, ...,x*,..., x*^)e, 

where the LHS denotes the projected cross-ratio of any four points projected from the 
fifth from xl,...,x\e [^j^- 
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Proof. Consider five points yo, ... ,^4 € P]^ in generic position. We can write the five- 
term relation in terms of cross-ratios in !B2{F) as (see Proposition 4.5 (2)b in [6]): 



These five points depend on 2 parameters modulo the action of PGLziF), whose action 
on P^ is 3-fold transitive, so we can express these five points with two variables modulo 
this action, we can put 



Cvo, ■■■,3'4) 



1 



then we get one of the form of five-term relation in two variables (needs to use inversion 
in the last two terms). 



[ah - [bh + 



b 


+ 


1 


- a 




a 


a 


2 


1 


-b 


2 





Now we consider five points y^, . . . , € P^j^j, , in generic position, where y* - y,- -Hyje 
fory,-,y^ e P|.. A generic 2x2 matrix in PGL2{F[e\2) depends on 6 = 2(2 x 2) - 2(1) 
parameters, while each point in P^ [^j, depends on 2 parameters, so these five points in 
^^F[e\2 niodulo the action of PGL2{F{e\2) have 4 parameters. Now we can express them 
by using four variables we choose: 



a a- 

1 



b h- 
1 



We calculate all possible determinants which are the following; 

ACyo,3'i) = /^(yo,y2) = A(yQ,y3) = A{yo,y4) = l,A{yuy2) 



-1, 



My\,y3) = --,A(yi,y4) = A(y2,3'3) = 1 - -,A(y2,y4) = 1 - T 
a b a b 

Myo'y'i)e = A{yl,y*2)e = A{yQ,yl)i- = A(yo,y''4)e = A{y'i,y*2)s = 

a' b' 

A(yl,yl)s = A(yl,yl)^ = -r,A(yl,yl)e = A(yl,yl)^ = 

b 

ForyJ, ■ ■ ■,yl e Pff^],, we can write the following expression in TS2{_F) 



^(-1)' {riyo, ■ ,}'4); reiyl, ...,y*,.. ■,y''A)\ 



i=0 



If we expand the above expression and we put all determinants in it we will get the 
following expression in two variables. 



lb ab' — a'b 
{a; a \2-{b\b \2 + { -; 



1-b (1 - b)a' - (1 - a)b' 



1 — a 



(l-fl)2 



a{l-b) b{l-b)a' -a(l - a)b' 
b{\-ay {b{\-a)f 
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From (1 1) it is clear that the above is the LHS of the five-term relation in TSoiF). We 
will reduce the claim to this latter form of five-term relation. 

Consider x^), . . . , X4 E in generic position. These five points also depend on 2 
parameters modulo the action of PGLoiF), so we can express these five points in terms 
of two variables by the following choice: 



(jco, . . . , JC4) 



C 1 W W W 1 W i 

1 ^ 




j 



1 

} 



1 ) 



1 } 



We compute all possible 3x3 determinants of the above and put them in the expansion 
of the following: 



J](-iy [r(x,|xo, ...,Xi,..., X4)]2 e S2{F), 
we get the following expression in two variables 
{ah-bh + 



b 


+ 

2 


1 


- a 




fl -il 

a 


a 


1 


-b 


2 





clearly the above is the LHS of one version of five-term relation in S2iF). 

Since by assumption xjj, . . . , jc^ e ^1f[s]^ ^ points in generic position, we can 
express them modulo the action of PGLt,{F[s]2) into 4 parameters then we can choose 
these points in terms of four variables in the following way: 



( 1 


) 



( ^ 
1 




( ^ 


1 



b b- 
a a- 



1 



We compute all possible 3x3 determinants and substitute them in an expansion of the 
following: 



,jC4);r£(x*|xo, 



,x\)\eTS2{F), 



we get 



{a;a']2-{b\b']2 + 



b ab' — a'b 



l-b (I - b)a' - (\ - a)b' 



1 - fl ' 



(l-fl)2 



a{\-b)_ b(l-b)a' -a(l - a)b' 
b{\-ay 



(Ml-fl))2 



which is the five-term expression in TS2(F) up to invoking the inversion relation for 
the last two terms, which also holds in TS2{F) a 

Lemma 4.4 indicates that we now have the projected five-term relation in TS2{F) 
and this relation will help us to prove the commutative diagram for weight « = 3 in the 
tangential case. 

d' As 

Proposition 4.5. The map CjCA^^^jJ Ca{A],^^-^;) —4 TS2{F) IS zero. 
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Proof. We can directly calculate Tj^ o d' . 



I 4 



V /=() 



(12) 



The above is the projected five term relation in TS2{F) by Lemma 4.4. □ 

Theorem 4.2 shows that the diagram (4.2a) is commutative and Propositions 4.3 
and 4.5 shows that we have formed a bicomplex between the Grassmannian complex 
and Cathelineau's tangential complex. 

5 Trilogarithmic Complexes 

We have already discussed the tangent group (or Z-module) TSoiF) over F[e\2 in 
§4. In this section we will discuss group TS^iF) and its functional equations and will 
connect Grassmannian complex and tangential complex to Goncharov complex. 

5.1 Definition and functional equations of TS^{F): 

The Z-module TS^iF) over F[s]2 is defined as the group generated by: 
{a;b]^[a + bs]-[a]eZ[F[B]2], a,b e F, a ?t 0, 1 
and quotiented by the kernel of the following map 

5^ 3 : Z TS2{F) e> F'^ S) F e> S2(F), {a; b] {a\bh ® a + - ® [ah 

a 

Now we can say that {a; bh e TSiiF) c Z[F[e]2]/ker5£.3 

We have the following relations which are satisfied in TSt,{F). 

1. The three-term relation. 



2. The inversion relation 







1 - 






a \ 








m 



e TBi{F) 



3. The Cathelineau 22-term relation ([6]) 

This relation J{a, b, c) for the indeterminates a, b, c can be written in this way: 



J(a,b,c)^ [[a,c]]-[[b,c]]+a 



+ (!-«) 



1 -b 



I - a 



(13) 



where 



l-b l-a 
[[a, b]\ -(b - a)T{a, b) + o-{a) + -o-(b). 



\ - a 



1 -b 
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while T(a,b) is defined via five term relation and ★-action. We take (x,; jc/^Ij 
with coefficient y^j- which is handled by iir-action. 



T{a,b) -\a;a, 



1 



1 - fl 
\-b II -b 



b-b. 



1 -b 



b lb 



fl' \fl/„ a — b 



I - a \ 1 - fl 



b - a 



fl(l -b) la(\ -b) 



b{\ - a) \b{\-a)j b-a 



1 



and 



cr(fl) = (fl; flg ■ fl]3 + (1 - fl; (1 — a)g ■ (1 - fl)]3. 



Then we can calculate Cathelineau's 22-term expression by substituting all val- 
ues in (13). 

J{a, b, c) -{a; flec]3 - {b; bsc]^ + (c; Ci;(a - b + l)]^ 

+(1 - fl; (1 - fl),(l - c)h -{l-b;(l- bUl - c)h 



.(l-c;(l-c).(.-fl)]3-(^;QJ^.(^;(^)^ 



b lb\ 



1 -c 



1 — fl \ 1 - fl 



a(l -c) I fl(l - c) 



1 -c ll-c 



c(l — fl)' \c(l — fl) 
a — b I a - b 



\-b'\\- 
lea lca\ 
'VbA'b). 



\-b 11 -b 



1-fl \l-fl/g 
b(l-c) lb{l -c) 



(l-c) 



b-a lb — a 



c(l — fl) /c(l — fl) 



\-b '\ \-b 



1 - fl ' \ 1 — fl 
( 1 - c)fl / ( 1 - c)a 



c(l -by\c{\ -b) 



(l-c) 



a - b ' \ a - b 



(l-c)(l-fl) /(l-c)(l-fl) 



b — a 



(\-c)b l{l-c)b 



b-a 



c{a - b) \ c{a - b) 



(\-c){\-b) l{\-c){\-b) 



cib — fl) 



c{b — fl) 



(14) 



For the special condition fl^ = fl(l - a),bi; - b{\ - b) and Cg = c(l - c), this 22-term 
expression becomes zero in TSi{F). 

One can write the following complex for T!B}{F). 



d, T'B2(F)<SF'' 



5.2 Mapping Grassmannian complexes to Tangential complexes in 
weight 3: 

In this subsection, we will try to find morphisms between this complex and the Grass- 
mannian complex and after a long computation we see that each square of the following 
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diagram is commutative. Consider the following diagram 



(4.3a) 



Here we define 



A(/*,/;,z;)A(/s,/;,/p 



The projected cross-ratio is defined here 

riQll, 1*2, /J, IX) - r(k)\h, h, h, h) + re{Ql\, 1*2, l^, l*x)e 



where 



r{h\l\,l2,h,k) - 



m,h,u)mj2,h) 

A(Zo,/l,/3)A(/o,/2,W 



'"e('ol'l' ^2' ^3' '4) 



Mk,h,h)'Mkuh,h? 



u = - A(Z„, Zi, /4)A(/o, /2, h){m, luh)Mlo, 1*2, Ids + Mku h, kmi, II, IDs 
+ A{lo, /i, /3)A(/o, I2, Umio, luUrn'o, 1*2' Os + A(/o, k, h)Ailo, I'l, Os 

where the morphisms between the two complexes are defined as follows: 

= l3)s ^ A(/o, ...,/,+ !,..., /3) 

i=0 



A(/o, 



A 



li,...,h) A(Zo,...,//+2,...,W 

3 A(/,*,..., ?},..., /p. 



+ 



A(/o,...J;^3,...,/3) 

A(/o,...,/,+2,---,/3) 'jj Hlo,...,l 
j*' 



A 



..'3) 



/ mod 4, 



rUlo,...,ld 



1 / 

(Mio,-.-,i:,.-.,ij,.-.,i;)s] . . 

'^[r(li\lo,...,li,...,l4)\^ 



and 



where 



7=0 



A(Zo, ...,li,...,lj,...,lA) ^ 



■ ■ ■ > = ^Altfi (r3(/o, . . . , /s); '•3,.(;S, . . . , /;)]3 



rz{k,..-,h) 



(lohhmhhXhloh) 

{khumkhxhkh) 
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and 

r3,£(/o, ...,/*) 

" ikhkmhkmioh) (lohkWihhmioh) iiohumkhWikh) 

the map ds is defined as 

ds({a;b]2'S)c + x'g)[y]2) 

lb b \ I b b \ 

-\ ®a Ac ® (I - a) A c + X IS) {I - y) A y \ + \ A - A x 

a \1 - a a 



(15) 



and 



dMa; bh) = <a; /7]2 ® fl + - ® [ah 



Theorem 5.1. The right square of the diagram (4.3a), i.e. 



{TS2{F)®F'')®{F®S2{F))- 



■{f^/\'f-)®{A'f) 



is commutative, i.e. t,, o d — ° t. 



Proof. First we divide the map ^ = r*'' + r^^' then calculate r^'' o £/(/*, . . . , 



T^'^od{ll,...,i;)^Tl, 



\i=0 



= Alt(0l234)|2(-l)'( 

!=0 



A(Z,-,..., Zp A(/o,...,ZVi 
/ mod 4 



,/3) 



A 



A{lo,...Ji,...,h) A(Zo,...,/,+2,...J3) 
A(Zo. .■.,/,+3....,/3) ^ 
A(/o,...,Z,+2,...,/3)^ 



(16) 



We expand the inner sum first that contains 12 terms and passing alternation to the 
sum, gives us 60 different terms overall. We collect terms involving same ^^'i j')''^-^ ® ■ ■ ■ 
together for calculation purpose. On the other hand second part of the map is the 
following: 



t(>'oJ(z;,...,/;) 



=Alt, 



(01234) 



A(i;,...,i),...,i;% 

1^^ 'j=o A(Zo,..., /3) 



(17) 



The other side of the proof requires very long computations. For the calculation of 
£?£ o Tj g we will use short hand {l*l*ll)e for A(l*, I*, 1^)^ and (liljh) for A((/,-, Ij, k). First 
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we write de ° t\ J(Iq, . . . , /p by using the definitions above. 



/ 1 

[r(Z,|/o,..., Wljj 



z 



MJ.o,...,li,...,lj,...,U) ^ 
then we divide = + d^'^K The first part o t\ JT^, ...,/;) is 



i=0 ^ ^ 



r{U\lo,...,U,...M) 

r,(r|/g,...,r,...,/;) ^ 

® 

r{li\lQ, ...,/;,..., /4) 

4 rA(/;,. ..,/;,...,;*,. ..,/;), 



® r(Z,|/o,..., Z4) A ]~[(f,-,/0) 



■z 



j*i 



{ A{k,...,U,...,lj,...,h) j 
Ar(/,|/o, ...,//,..., h) 



®(1 -r(Z,|Zo,..., W) 



(18) 



The second part 5^^' o Tj ^(/q, . . . , is 



3Z<-"( 

i=0 ^ 



rs(i:\ii,...,f% 



A 



4 rA(/;,...,z;,...,/},...j;),^ 



,/4) 



,/4) 



(19) 



then we calculate — and -r^. i.e. all the values of the form '''iV/''/-'^',''*,^ and 

a l-a r(lB\l,.l2,h,k) 



By using formula (6) we have 

^£(^0l^p ^2' ^3' ^4-^ (^0^1^4-^^ (^0^2^3-^^ (^0^2^4-^^ (^0^1^3^^ 



K^ol^l>'2,'3,'4) (fo'1'4) (/0^2'3) (fo'2W (fo'1'3) 

Similarly we can find this ratio for each value of / = 0, . . . , 4. Now use formula (6) as 
well as identities (1) and (3), we have 

^£(^ol^l ' ^2' ^3' ^4^ (^0^2^4-^^ (^0^1 ^3^^ (^0^3^4^^ (^0^1^2-^^ 



1 -K'oi/1,/2,/3,/4) (/0/2/4) (/0/1/3) (/0/3/4) mil) 

After calculating all these values. Expand the sums (18) and (19) and put all values 
what we have calculated above. Let us talk about (18). In this sum we have huge 
amount of terms, so we group them in a suitable way. First collect all the terms involv- 



ing 



(Wi) 



we find that there are 6 different terms with coefficient -3 involving 
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WM 



'^^-^TTTV ® (('o'i^3) A (/1/2/3) + ikhk) A ilihh) + ikhU) A (lohk) 

-Hohh) A (/0/2/3) - (^^1/4) A (/1/2/4) - (/0/2/3) A (hhh)) 



There are exactly 10 possible terms of 



Compute all of them individually. We 



will see that each will have the coefficient -3 that will be cancelled by -| in (18) and 



, write in the sum form 



then combine 60 different terms with 6 in a group of same -jjj^ 
then we will note that it will be the same as (16). 

Computation for the second part is relatively easy and direct. We need to put all 
values of the form and /"^y'/V^/V, in (19), expand the sums, use a Aa - 

modulo 2 torsion. Here we will have simplified result which can be recombined in the 
sum notation which will be same as (17). □ 

Theorem 5.2. The left square of the diagram (4.3a), i.e. 



■C5 



IS commutative i.e. r: 



Proof. The map tI gives 720 terms and due to symmetry (cyclic and inverse) we find 



120 different ones (up to inverse). We will use the same technique here which we have 
used in the proof of theorem 5.1. By definition, we have 



(/;, ...,/;)= — Alt6 (r3(/o, . . . , h)\ r,Ml, id], 



For convenience and similar to our previous conventions, we will abbreviate our nota- 
tion by dropping A and commas. 



d,oTl(il...i;) 
2 

"45 



^Alt6 |(r3(/o . . . ^5); riji; . . . (8) r.ik . . . ^5) + ''f^y"!'^ ® [riik ■ ■ ■ h)]! 



(20) 



We need to compute the value of which is 



ikhh) ikhk) 

(20) can also be written as 
=^Alt6|(r3(Zo.../5);rv(/S ■../;)] 



ikhh) ikhk) (kkk) ikhh) 



(kkhXhkkXkkk) 
2 ikhkXhkkXkkk) 

{^Q^l^^)e i^i^2^5^^ (^2^0^3-^^ 

(/0/1/3) ■ ihkk) ' ikkh) ikhk) ~ ihkh) ~ ikkh) 



® [r3(Zo.-.«]2 
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We will consider here only first part of the above relation. 



Further, 



=Alt6{(r3(Zo.. 


■ ■ h); r3Alo ■ 




+Alt6 {(r3 (/().. 


■ ■ h); r3Alo ■ 




+Alt6 {(r3(/o.. 


■ ■ h); r3Alo ■ 




-Alt6 [{nik . . 


■ • '5); r^Alo ■ 


..i;)]^®(iohk)} 


-Alt6 [{nik . . 


■■l5y,r3Alo ■ 




-Alt6 [{r^ik ■ . 


■ hyrjAlo- 




We use the even cycle {lolikXhkls) ( or (lUlllXllllll)) to obtain 



(21) 



Alte [{riWihhUh); rxsWilWD^ ® Wih)] 
=Alt6 [{riihhhhhh); riAriliWV'i)]^ ® (hhh)] 
We can also use here the symmetry 

{nihhhhhh); nA^V*i^*2^,V5)\2 ^ {''iihhkUhhy, r3,e(Z* 4/0/4 /s/p]^ 

since 

r^AiyV 2^3^*4^*5) - fiA^l^l^o^l^Pl^ precisely both have the same factors 

and similar for the others as well so that (21) can be written as 
2 

= Y^Altfij {nihhhhUhy, rxs{lll\iy.ll\ll)\ ® (/0/1/3) 

- {riihhhhhhy nA^llVV-VV-l^^ ® ('0/1/4)} 
If we apply the odd permutation ihU) (or (/j/p), then we have 

= ^ ■2Alt6{(r3(/o/l/2/3/4/5);r3,.(/S/;/5/;/:/;)l2®(/o/l/3)} 

Again apply an odd permutation (/0/3) ( or (/J/p) 
2 

= ^Altej {riihhhhUhy nA}y\r2l\l\ll)\^ ® (/0/1/3) 

- {riihhklohky riAlWAWl^^ ® ('3/1/0)} 

but up to 2-torsion, which we ignore here, we have (/0/1/3) = (/3/1/0) and then the above 
will become 

2 

= Y^Alt6{((r3(/o/i/2/3/4/5); r3Aio^ll2^*3l*4^5)]2 

- {riihhkkkhy rsAmm)]^ ) ® ('o'i'3)} (22) 



18 



Recall from (ref of first required) that the triple-ratio 



(klMihhlsXhkh) 



can be written as the ratio of two projected cross-ratios. 

We will see here that r^^sillllll^lllll) can also be converted into the ratio of two first 
order cross-ratios. 

Let a and b be two projected cross-ratios whose ratio is the triple-ratio 



riiklihhkls) 



(hhh){hhU){hk)h) 



(hhU)(hl2h)(hhh) 
then r^^eiJ-y^^J-]}*^*^) will be written as . Since we can also write as 



or 



we get 



a* 7* 7* 7* 7* 7* \ 
1 2'3'4'5'^ 



Now it is clear that rTi eiiy-^r^TTiy*^) can also be written as the ratio or product of two 
projected cross-ratios. There are exactly three ways to write it (projected by (Z^ and 
{l\ and and (ZJ and Zp) but we will use here Z* and Z^. The last expression can be 
written as 

/r(Z;|Z!Z*Z*Z*)^ 



and (22) can be written as 



2 

— Altfi 
15 



r(z;iz;z*z;zp 



r(Zi|ZoZ2Z3Z4)'\r(z;|z;z;z;z;) 
mhhhk)) /r(z;iz;z;z;zp 



ymhhm'\r(l\\lllllll\)) 
Applying five-term relations in TSjiF) which are analogous to the one in (9). 

^Alt6{((r(Z2|ZiZoZ5Z3);r,(Z;|Z'Z;z;z;)]2-(r(Zi|ZoZ2Z3Z4);r,(ZJ|ZSZ*Z;z;)]^ 



'r(Z2|ZiZ5Z3Zo) /r(z*iz*z;z;zs) 



ir(Zi|ZoZ3Z4Z2) \r(Z';|z;z;z;zp 



)(ZoZiZ3)) 



(23) 



For each individual determinant, e.g. (hhh) will have three terms. First consider the 
third term of (23) 
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rAlt, 



=— Alt6<^— Alt 
15 |3r 



^(/2i/.M3/o) /r(/;i/;/;/;g\i 1 

iK^ilW3W2) \r(z*|z;z;z;zpjJ2 

rihihhhio) (r(ii\i\i;i;g 



[\r(Zi|ZoZ3Z4Z2)'\r(Z;|Z*Z;z;zp 



)(/o/l/3) 
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We need a subgroup in 5 5 which fixes (lohh) as a determinant i.e. (lohh) ~ (hhlo) ~ 
ihkh)--- 

Here in this case S3 permuting {Iq, Zi, Z3) and another one permuting {I2, 14, 15} i.e. 
53 X 53. Now consider 



Alt, 



ikhh)(hUh) 



r(h\hhhh) ir(q\iii;i;ii) 



r(h\hlM2)\r{l\\lllll\ll) 



2 



Ait(w,,3)(/.W3) |\(/2Z5/o)(ZiZ3Z4)' 

By using odd permutation (hh) the above becomes zero, 
then (23) becomes 

=^Alt6 {((r(Z2|/i/o/5/3); r,(ll\lig;il)]^ - {rihlkhhUy, rAlWQlllll)]^) ® (/0/1/3)} 

(24) 

Consider the first term now, 

^Ait6 {(K/21/1/0/5/3); rAiimim], ® (/0/1/3)} 

= ^Alt5 |^Alt(,„,,,,)(,,M,, {(r(/2|;i;o^5^3); rAmmd^ ® (^o/i/3)}| 

The permutation {lohh) does not have any role because the ratio is projected by 2. So, 
it will be reduced to 5 3 . 

" ^^1^6 {^Ait(^W5) {(K^2l^i^o/5/3); r,{qi\iir,il)\ ® (Zo/1/3)} 

Write all possible inner alternation, then 
= ^Altfij^ {r(U\hhhh); rS\rAm)\ - {r(h\hhhh)\ rSl\l\m)\ 

+ {rihlhkkh); rs{i;mil)]^ - {rikihkhh); r,(ii\i\iii;i;)]^ 

+ {rihlhkhh); rAl'2mil)]2 - {rihlhkhh); rsigmil)], j ® (^^1^3)] 
Now we can use projected five-term relation for TSiiF) here, 

= ^Alt6|^(r(/o|/i/2^3/4);r,(/S|/t/;/;/:)]2 - {r(h\hhhh)\rS\\lll2illX)\ 

- {r{h\hhhh)\ '"£('3l'S''i''2'4)]2 + (K^I^i^4^3^5); rSl\l\l*Alll*s)\ 

- {r{h\hhhh)\ rSWmil)]^ - {rihlhhkh); r^ilUgilHl)]^ 

+ (riiolhhhh); r,{giii;iiii)]^ - {rihihhhh); rjii\i;i;i;r^)]^ 

- {rihlkhhh); r,(i;\g\i;ii)]^^® (khh)^i 

Use the cycle (lohhXhhh) then we get 
= ^ ■ 9Alt6 {(r(/o|/i/2/3/4); rMomid]^ ® (^0/1/3)} (25) 
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The second term of (24) can be written as 

^ ■ -6Alt6 {{rihUohhUy, rAn\loll9d]2 ® 
(25) can be combined with the above so we get 

" ^Alt6 {(9 {mhhhky, re{Qmil\)\ - 6 {rihWikh); rSWlolWX)]^ ® (^^1^3)} 

(26) 

Use the permutation {lohhXhUk) to get 

= ^Alt6 {(r(/o|/i/2/3/4); r,igilllllll)\ ® (/0/1/3)} 
Since SiiF) satisfies five-term relation then we can write the following. 

= iAltg {(r(Zo|/i/2;3;4); r,(gili;i;il)] ® (/0/1/3) + ^It^ ® [K/ol'i'2'3W]2| (27) 

3 (^ ('0'1'3) J 

Now go to the other side. Map Tj ^ can also be written in the alternation sum form 
^Ulo ■ ■ ■ '4) = ^Alt{ {rQSihhhY reilimgX)]^ ® ('0^1/2) 

+ -f77- ® [K^0|/l/2/3/4)]2) 

Compute Tj ^ o c/(/* . . . Z*) and apply cycle (lohhhkh) for and then expand Altj from 
the definition of ^ so we get 

4 o «?(/; . . . z;) = lAitef {mhhhuy, re{Qmm)\ ® mh) 



Wih) 

Use the odd permutation (^2^3), then 

= -^Altel {rdolhhhUy, r,(gi\llllll)]^ ® (khh) 
(1*1*1*) 

+77777 ®['"('ol'i'3W4)]2} 
Wih) 

Finally use two-term relation in TSiiF) and SxiF) to get the correct sign. The final 
answer will be the same as (27) □ 

If we combine Theorem 5.1 and 5.2, then we see that the diagram (4.3a) is com- 
mutative and have maps of morphisms between the Grassmannian complex and the 
tangential complex for weight 3. Here we have some results 

Proposition 5.3. The map CsiA^.^^^^) U C^{Al^^-^^) ^ [f F"") ® f) is 
zero. 
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Proof. The proof of this lemma is direct by calculation. Let (Z^, . . e C5(A^|^^j ) 
Where 

a + OgS ^ 

b + beS 
C + CgS 

d + dsS J 



11 = 



a '■ 






b 


+ 


be 


c 




Ce 


d , 




. deS , 



- h + ksS 



Let (X) be the volume formed in four-dimensional vector space, and A(/,. 
volume form in V/iHU). 



■) be the 



o d\i*Q, ...,/;) 



/=() 

Consider the first coordinate of the map first 

' AC/;,..., z;,g A(/„, 



=Alt, 



(01234) 



A(Zo 



A(lo,...,li,...,h,l4) A(lQ,...,li+2, 



A(_k),...,li+2,...,h,l4) 



i mod 4 



(28) 



First, we expand inner sum which gives us 12 different terms after simplification. When 
we apply alternation sum then we get 60 terms and there is direct cancellation which 
leads to zero. Now consider the second coordinate , which gives us 



Alt, 



(01234) 



y(-iyA^ 



Again if we expand inner sum first, then we get only four different terms but after the 
application of alternation we get zero. □ 

As an analogy of Proposition 5.3 in higher weight, we present the following result 

Proposition 5.4. The map C+zCA^^jij^ ^ C„+i(A«f^jP ^ ® A""' F><) e (A" F) 
is zero, where 



AC/;,...,/;,...,/:), A(Zo,...,/,+i,...,W 



, l„) A(lo, 



+2, 



A ■ ■ ■ A 



A(/o, ■ . ■ , li+(n-l), ■ ■ ■, In) 



,ln) 



■■■An) 

A(Zo,..., />,...,/„)/' 
i mod (n + 1) 



Proof. Let (/J, . . . , l^^,) e C„+2(A^i,p. We have 



T«_,oaf'(;s,...,/;^,) = 4, 



\i=0 
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Now use definition of alternation to represent this sum then we have 



(),£ 



od\ii,...,i:,,) 



-Alt(o...„+i) 




, In, In+l) A(Zo, ■ ■ • , li+2, ■ ■ ■, In, In+l) 



A ■ • • A 



A(/o, . . . , /,+(„-!), . . . , /„, In+l) 
A(/o, . . . , //+;,, ■ ■ ■,ln, In+l) 




I Mi;,...,ij,...,i:,i:,Os A 

J A{k,...,lj,...,ln,ln+l)'l 



i mod n + 1 



(29) 



First expand the inner sum on first term that gives « + 1 number of terms. Expand again 
by using the properties of wedge that gives n{n +1) terms. Apply alternation sum on 
that gives us «(« + l)(n + 2) terms, so there are « + 2 sets each consisting n{n + 1) terms 
and each term in n{n +1) term has « + 1 sets of n terms and good thing is that they 
cancelled set by set to give zero. 

Now expand the inner sum in the second term of (29) that gives n + 1 terms and 
then apply alternation sum which gives n + 2 sets of « + 1 terms, we find cancellation 
in the expansion of sum accordingly which gives zero as well. □ 
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